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ABSTRACT: The purpose of this paper isto present acommon fixed point theorem in a metric space
which extends the result of Singh and Chauhan for six self maps using the weaker conditions such as

Weakly compatible mappings and Associated sequence in place of compatibility and completeness of
the metric space. More over the condition of continuity of any one of the mapping is being dropped.
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I.INTRODUCTION

G. Jungck [1] introduced the concept of compatible maps which is weaker than weakly commuting maps.
After wards Jungck and Rhoades [3] defined weaker class of maps known as weakly compatible maps.

A. Definitions and Preliminaries

Compatible mappings. Two self maps Sand T of ametric space (X,d) are said to be compatible mappings
it |imd(STxn, TSxn)=0, whenever <x,>isasequencein X suchthat |jm;Sx=|imTX~=1t for some t X.

n-o n-o n-oo

Weakly compatible. Two self maps Sand T of a metric space (X, d) are said to be weakly compatible if
they commute at their coincidence point. i.e if Su=Tuforsomeu X then Stu= TSu. Itisclear that every
compatible pair is weakly compatible but its converse need not be true. Singh and Chauhan proved the
following theorem [4].

Theorem (A): Let A, B, Sand T be self mappings from a complete metric space (X, d) into itself satisfying
the following conditions

A)OTX) and BX) O SX) ... (1)

Oneof A, B, Sor T is continuous........ 2

[d(Ax, &) d(By,Ty)+0

Hi(By, S0 d(Ax,Ty)

N [0 (AX, ) d( Ax, Ty)+0
2 Hi(By, Ty) d(By, &)

O x yOX where 0<k +2k, <1,k .k, =20.

Thepairs (A, S) and (B, T) arecompatibleon X ...... 4
Further if X isacomplete metric space .....(5)
Then A, B, Sand T have a unique common fixed point in X.
Now we generalize the theorem(A) using weakly compatible mappings and Associated Sequence.

[d(Ax By)] <k,

..(3)

Associated Sequence: Suppose A,B,S,P, Q and T are six self maps of a metric space (X, d) satisfying the
conditions P(X) 1 AB(X) and Q(X) [0 ST(X). Then for an arbitrary x, 0 X such that Px, = ABx; and for
this point x4, there exist apoint X,in X such that Qx;= STx, and so on.
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Proceeding in the similar manner, we can define a sequence <y,> in X such that y,, = Pxa, = ABXy,; and
Vo1 = QXoni1 = STXonse for n = 0. We shall call this sequence as an “Associated sequence of X, “relative to
thesix self mapsA, B, S,T,Pand Q.

Lemma: Suppose A,B,SP,Q and T are six self maps of a complete metric space (X, d) satisfying the
conditions

P(X) O AB(X) and Q(X) O ST(X)......(1)

and

K [d(Px, STx) d(Qy, ABy) +[I
H1(Qy, STX) d(Px, ABy

N [d(Px, STx) d(Px, ABy) +0
*RiQy, ABY) d(Qy. STX)

Forall x,yOX where 0<k +2k,<1k,k,=0.

[d(Px,Qy)]’<

Then the sequence Pxy,QXj. ....PX20,QXons1. ...CONVErges to z eX.

Proof: From the conditions (1), (2) and from the definition of associated sequence we have

PUL X=X 3 Y =%
[A(Yans Yo )] =[Py Q)]
<1 (PR, ST )A(Qt 5, AB,, ) 4T
=K L(Qt, ST (P, ABG, )
[(P,,, ST,,) d( P, ABX,, )+ T
Q3 ABY,, ) d(Q6, ST,)
[AC¥an Yo s)]” <K AV Vi 1) AV 10 Yo 2) +0]
+1[A(Van: Yan 1) A(Yans Y 2) +0]
Bk [ d(Yonss Yano)] +B

d(Yan: Yans)] 0 04 (Yans Yans)
[9CYzn: Yars)] 3 [d(Yans Yon)] B

[d(Yans Yan)] S {K [ d(Vanas Yon2)] + Ko [A(Yans Yonoo) ]}
Ekl[d(yZn—l’yZn—z)] + E

d(y2n7y2n—1) SD [l
[ ] Bk [d (Yons Yan-1) + (Yan-1s y2n—2)] g

+k

[d (Vo Yon)][1- ko] < {k + K} d (Vanss Yana)] Thisimplies
kl kZ
[d(Yans Vanaa )] S [1_+k2] [ d(Vanoss Yan-z)]

< h[ d(y2n_1, y2n—2)]

where h = u

<1

2
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For every integer p >0, weget
d(Yn: Yaep) S Ad(Yn) Vo) TA(Viias Youo) +
............ + AV par Yoep)
< h'd(y,, ¥i) +h™d(y,, y) +
............. +h™Pd(y,,y,)
<(h+h™ 4 +h"P) d (v, v,)

sh“(1+h+h2+ ............. +h"‘1)d(yo,y1)

Sinceh<1,h” - 0 asn- o, sothat d(y,Y..)—0. This shows that the sequence {y,} is a cauchy sequence
in X and since X isacomplete metric space, it convergesto alimit, say zOX.

The converse of the Lemma is not true, that is A,B,S, T,P and Q are self maps of a metric space (X,d)
satisfying (1) and (2), even if for xo[(0X and for associated sequence of Xq converges, the metric space (X,d)
need not be complete. The following example establishes this.

Example: Let X =(-1,1) with d(x,y):|X - y|

% if —1<x<=
Px=0Qx=[]
% if =<x<1
D} 1

Ex if —1<sx<=
AX=X=[]
% if Z<x<1
EE if —1<x<=
TX:|:|5 +5 1
S‘% if Z<x<1
1
E— if —1<x<=
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EE if —1<x<l
S“I'x=D5 5 L 6
OX+S 1oy
g 36 6
20 1 11

Then P(X)‘Q(X)‘m 10 hile AB(X) = EED L2 ST(X)—%ED o
Y ed” o5 B3 “H5 536

so that the conditions P(X) L1 AB(X and Q(X) i ST(X) .Also the metric in equality can be easily verified
with appropriate values of k; and k; lies between 0 and 1 .Also The sequence Pxq,QX1,Px,,Qx .... Converges

1
tog but (X,d) is not a complete metric space.

Now we generalize the above Theorem (A) in the following form.

Theorem (B): Let A, B, P, Q, Sand T are self maps of a metric space (X, d) satisfying the conditions
P(X) L AB(X) and Q(X) LU ST(X) .....(1)

[d(Px, STx) d(Qy, ABy) +[I
“Fi(Qy, STX) d(Px, ABy
[d(Px, STx) d(Px, ABy) +01
*RiQy, ABY) d(Qy. STX)
Forall x,yOX where 0<k +2k, <1k, k,=0.

The pairs (P, ST) is Reciprocally continuous and compatible and (Q, AB) are weakly compatible .....(3)
and
AB=BA,ST=TSTP=PT,QA=AQ........ 4)

[d(Px,Qy)]’<

The squence Pxg,QXj......PXon,QXone1....cONVErges to z €X....(5)
Then A, B, P, Q, Sand T have a unique common fixed point zin X.

Proof: Since Pxon— Z, ABXone1 — Z, QXopsy =2, STXone2—2 8S N 0,
From the condition P(X) L] AB(X) implies there exists ullX suchthat z= ABu.

Also from the condition Q(X LI ST(X) implies there exists v X such that z= STv.

Since (P, ST) isreciprocally continuous P(ST)X,, — Pz and (ST)Px,,— STz asn- oo,
Also since (P, ST) iscompatible  lim,, .. d (P(ST)x,,, (ST)Px,,) =
lim,_, = STz This implies Pz= STz

ToprovePz=2z Putx =2,y = Xpn1
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[d(Pz,Qx,,.,)] <
[d(PZ! STZ) d(QX2n+1’ ABX2n+l) C
ki %d(QXZnﬂ’ STZ) d( PZ’ ABX2n+1 %
[d(Pz, STz) d( Pz, ABX,,,,) + ad
K, [l
Ej (Qx2n+l’ ABX2n+1) d (QX2n+1' STZ) D
2 [(Pz,Pz) d(z,2)+0
[d(Pz2)] < “Ti(z.P2 dPz2) H
[d(Pz,Pz) d(Pz,2)+0O0
+k
*H(z2) d(zP) H
[d(Pz,2)]" <k [d(Pz 2)]"
[d(Pz,2)]’ (1-k,) <0, since k, +2k, <1 thisgives
[d(Pz 2)]<0
Pz=z

Pz=STz=z
ToproveQu=2z,putx=zandy = u.
[d(Pz, STz) d(Qu, ABu)+0

[d(PzQu] "<k, Hﬂ(Qu,STz) d(Pz, ABu
[d(Pz,STz) d(Pz, ABu) +C
+
2 H1(Qu, ABU) d(Qu,ST2) |

2 [d(z 2) d(Qu,2)+0
[d(z,Qu)] Slej(Qu,z) d(z2) H

M(z,2)d(z2)+ 0O
" RiQu.2 d@u2) B
[d(z,Qu)]" <k,[d(Qu,2)]’
[d(Qu,2)]" (1-k,) <0
[d(Qu,2)]<0

Qu=z
Since (Q, AB) isweakly compatible implies Q[(AB)Ju =[AB(Q)]Jud Qz=ABz

Toprovez =Qz, putx =Xz, Yy =2

107
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2, (0P, STx,) d(Qr. AR+
[P R <K 4y sy, )

[Q(P,,, ST,,) A(Px,,, AR+
Q@A) d@S%,) O
[dz Q)] <k[d(z 2 dQ@E@)+d@.2 d(zQ)]
+k[d(z2) d(zQQ) +d(Q@.QY) dQ&2)|
[d(zQ2)]" <k [d(Qz2)]’
[d(Qz,2)]" -k <0,since k, +2k, <1
[d(Qz,2)]<0 thisgives

Qz=1z
UQz=ABz=z

ToproveAz=2z,putx=2z,andy = Az

+k

[d(Pz,Q(A2))]’ <
[d(Pz, STz) d(Q(Az), AB(Az))+[]
Hi(Q(A2), ST2) d(Pz, AB(A2)
[d(Pz,STz) d(Pz, AB(Az)) +[]
2Hi(0Az, ABAZ) d(QAz, ST2) H
[d(Pz, A2)]" <
[tl(Pz, STz) d( Az, (AB)Az)) +[
4 Hi(Az,ST2) d(Pz,(AB)AZ) H
[d(Pz,STz) d(Pz,(AB)Az) +[
*[i(Az,(AB)A2) d(Az,ST2) [
[d(z,2) d( Az, Az))+0]
Hi(Az,2) d(z.A2) H
N [W(z,2) d(z,A2)+ O
*Ri(Az, A7) d(Az,2) H
[d(z,A2)]" <k [d(Az,2) d(z, AZ) ]
[d(z, A2)]" (1-k) <0 ,since k, +2k, <1
[d(z, Az)] <0 thisgives
Az=7

(AB)z=z0O (BA)z=z0 Bz=z
ToproveTz=2z putx=Tz,y=2

[d(z, A2)] <k,

108
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[d(PTzQ2)] <
[@(PTz STTz) d(Qz, ABz) +[J
& Hd(Qz, STT2) d(PTz ABZ) H
N [@(PTz STTz) d(PTz ABz)+[C
2H1(Qz, AB2) d(Qz, STT2)
[d(P(T2),Q2)]’ <
[d(P(Tz),ST(T2)) d(Qz, ABz) +[]
% Hi(Qz, ST(T2)) d(P(T2), ABZ) H
[dl(P(T2), ST(T2)) d(P(TZ), ABZ) [
*Hd(Qz, AB2) d(Qz,ST(T2)  f
[d(Tz,Tz) d(z,2)+0O
Hi(zT2d(Tz2) H
[@(Tz,Tz) d(Tz,2)+0O
*M(z,2) d(zT2) H
[d(Tz,2)]" < k[ d(zT2)d(Tz 2)]
[d(Tz,2)]" <k [d(TZ 2)]’
[d(Tz,2)]’ (1-k) <0 ,since k, + 2k, <1 thisgives
d(Tz,2) <0
Tz=2z
Slz=z0 SZ=z
UAz=Bz=S=Tz=Pz=Qz=2

We get z in a common fixed point of A, B, P, Q, Sand T. The uniqueness of the fixed point can be easily
proved.

[d(Tz,2)] <k,

Remark: From the example given above, clearly the pairs (P, ST) is reciprocally continuous and compatible
1
and (Q, AB) are weakly compatible as they commute at coincident point E . But the pair (Q, AB) are not

compatible

1 1
For this, takea%quencexnzﬁé+lmfor n=1, then Iimen:|imSTxn:E and |imP(ST)xn:Ealso lim

n n-o n-oo n-o n-o

1
(ST)Pxn:E . So that [im d(P(ST)x,,(ST) Px,) = 0. Also note that none of the mappings are

n-oo

continuous and the rational inequality holds for the valuesof 0< k; + 2k, <1, where k;,k, =2 0. Clearly

1
E is the unique common fixed point of A, B, P, Q, Sand T.
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Remark: Theorem (B) is a generalization of Theorem (A) by virtue of the weaker conditions such as
weakly compatibility of the pairs (P, ST) and (Q, AB) in place of compatibility of (A, S) and (B, T); The
continuity of any one of the mappingsis being dropped .
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